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column operation on A. Such an operation given by the
81ueritary AE! is ca,llecl a congruence operation on A.

]a t“1 f,E
{ p;OduC

) g be the set of all n X n matrices over a field F. A matrix B € §

| aie 0 be %T% t‘% a H]lj;it:; A € S if there exists a non-singular
i ¢ S such tha = :

i X P
pt?

gince p is non-singular, it can be expressed as the product
l E), where E’s are elementary matrices of order n.

SIS B T Yt

gince E;'AE; gives a congruence operation on A, B is obtained by

| ving k successive congruence operations on A. .~
oy s

Gince the rank of a matrix remains unaltered by an elementary oper-

ion, the rank remains invariant under a congruence operation. In other
' yords, twWo congruent matrices have the same rank.

' The éyn:381 The relation of congruence on the set of all n x n

| patrices over a field F' is an equivalence relation.

e AT s i T

| Proof. Let S be the set of all n x n matrices over a field F.
Let p be the relation of congruence on S.

(i) Ap A holds for all A € S, because I,, is a non-singular matrix in
| Sand A = I, AI,. Therefore p is reflexive.

(i) Let A,B € S and ApB hold. Then there exists a non-singular
matrix P in S such that B = P*AP.
Therefore A = (P!)"'BP™!
(P~1)!BP™!
= Q'BQ, where Q € S and is non-singular.
This implies B pA. Thus ApB = BpAand therefore p is symmetric.
. (i) Let A,B,C € S and ApB and B pC hold.

! Then there exist non-singular matrices P, () in S such that B = P*AP
f | €= Qt BQ
Therefore C = QY PtAP)Q

(PQ)'A(PQ)
MtAM, where M € S and is non-singular.

|

This implies A pC.
U ApB and BpC = ApC and therefore p is transitive.

He : .
fice p is an equivalence relation on S.
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10 P weedure an deseribed in (o DECVIOUS cagoy oAl

0, o il M Lot congruent symmetric mpgpiy With a nop.

|‘;\1I /l 0 |~(u(|l|(!('(l 3 1)¢)H'l|t'l”“ and zeroy ﬁlﬂuwhum in the sl row

L H:‘”/U ‘/\” Lhese operations however are Lo D applied o
) OF &5

hose will not alleet the fivsl row and the fiy
JOHC

! Sl colum,
|W"w (ot
rl'

. ] N ) '. ' ™ f
| [ ll'iInHlnrnm(I Lo o congruent, symmof,ric matrix (/
| | R

1l

" s where gie /0,900 0,91 i 0, )
o

‘ II ' ' 1 " ‘

i g = 00 = LS and H oy g Symmetric maftrix

102 RN , . \ . : o S . T
!”*""”,;JJ_ ilz,). Repeating the same procedure, if necessary, we obtaiy
il i amher of steps & congruent diagonal magriy /) - (di)
Ccfite '
mllll 1 1 Al o
e the rank remaing invariant, unde

)= and therefore d;, /()4 - 1,9
akol D =14 Py

congruence operations,
TI

Oyi=r 41,94 2,...,m.

*{reorem 3.8.3. Anv o< real symmetric matrix A of rank r i
e diagonal matrix ¢ whose first
:In|

ongruent
I, the next
remaining diagonal ¢lements, if

m diagonal elements are
- dingonal clements are —1 and (he

e he any, are all zero.

f

fuf. By the previous theorem, A ig congruent to the diagonal matrix
U= (i) where d, #0,i=12,.. yTand dy =0 4 = p 4 Lr+2,... n
i

lFthe non-zero clement

S 1n D he not al) positive, without loss of gen-
lty, wo cap) assume that, firgt, o, diagonal elements are positive and the
M- diagonal clements are negative, Because, if a positive diagonal

d‘f“"»'“': appears after 4 negative clement, they can be interchanged hy
ity [N ; .
bl congruenee operations,

= =

Next ot 11 . : I L
| | et ug apply the row operations \7’—]1—“ Ry, b Ry, '\‘/;z:j;'Rrru
I 1 . * ire
.“mu,.u,R‘T"ll byt ey \7!;;-—'— R, and the corresponding column opera-
“l)”"Un [) Ty

lhey,

D ig ¢,
Wi, g s b

ansforme to

: ' S .
| a congruent diagonal matrix G' = (g;;),
Li .']'l::‘('r"* —— 48 = .,-:-"‘]-{”:J
fr”v.h? ¥ l ./zz e = y"”n T 1;,‘/m-l-~1,m+1 = - .(/11 y Wi )
T+ 27- N,
Th l
”S (J’ t' m

o -‘rLk(ES the form S

(l ‘ \ 0 r i

Tl g V4

ad t, 1. \ or congruence. ¥
~t )l)( the normal form of A under cong _

—

R g
Ao S I R
e




{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

