4.10. System of Linear Equations.

A system of m linear equations in n unknowns 1,2y, ..., z, sy
form

a11x1 + a2+ -+ an, = by
a21T1 + @o2x2 + -+ + aopnTn, = b
aGm1T1 + am2$2 + = el + AmnTn - bm7 oo (l)

where a;;’s and b;’s are elements of a field F, called the field of scalirs
a;;’s are called coefficients of the system. In particular, a;;’s and bs#
real (or complex) numbers when F is the field R (or C).

An ordered set (c1, ¢y, ..., c,) where ¢; € F, is said to bea st
of the system (i) if each equation of the system is satisfied by
.’B]_ =C]_,:E2 =027"-’wn — cn.
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Therefore a solution of the system can be considered s & iy
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vector of V,(F). In particular, if the field of scalars be R, 3 sol
the system is a vector in R™, o
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therwise, it is said to be inconsistent.

Examples.
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2 I + 2582 ==
3581 + 6562 =



g +221—23=0

(0 e kL 0 o the system, (3

1 1 : ) 3 O 3)
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Matrix representation.

Let A= (@ij)mm, X =| 72 | p by

Ty b,
can bg €xpressed as AX = B. The matrix A is
t matriz of the System and the matrix

Then the system (i)
said to be the coefficien
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A= , also denoted by (A4, d), is said
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to be the augmented matriz of the system.

The system AX = B is said to be a homogeneous system if
B=0; otherwise, a non-homogeneous system.

Two systems AX = B.and CX = D are said to be equivalent systems
i the augmented matrices (4, b) and (C,d) be row equivalent.

Theorem 4.10.1. Let AX = B and RX = S be two eguivalent systems
ad & be a solution of AX = B. Then ais also a solution of RX = S.

Proof. Let the equations of the system AX = B be
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U let ¢ (c1,c,. .., cn) be a solution of the system

ented matrix
. b)et f g PP elementary row Operatioﬁ &ghO:qtlk;iizl:lsgn}i and f;, are
iflt’erc o the System. Then the ith and the Jd, Therefore (C1,€2,- -+ cn)

8 alg ged and the others remain unchange
% solution of the new system.

1 of the system CX = D.

(C,d), then (01,62',...',cn) is also a



Let us apply elementary row operation. cRR; on the augmenteq |
(A, b) of the system. Then the ith equation fi, is multiplieq by Nafri,

and the other equations remain unchanged. Therefore (cl’Cz,.,.cfé Q)

also a solution of the new system. 1Cn) ig
This implies that if cR;(4,b) = (C, d), then (cy,cy, ... Ca) s g

a

solution of the system CX = D.

Let us apply elementary row operation R; + cR; on the augmente,
matrix (A, b) of the system. Then the ith equation f; is replaceq by fi4
cf; and the other equations remain unchanged. Therefore (c;,c,, ,;n)
is also a solution of the new system.

This implies that if [R; + cR,;](4,b) = (C,d), then (Cl,Cz,-..,cn) i
also a solution of the system CX = D.

Since the matrix (R, s) can be obtained from the matrix (4,b) by,
finite number of elementary row operations of the above types, a solutjon-
of the system AX = B is also a solution of the system RX = §.

Corollary. If one of the two equivalent systems be inconsistent, the
other is also so. |

To examine the solvability of the system AX = B, or to determine the
solutions (or solution) of the system, when it is consistent, the obvious
procedure is to apply such elementary row operations on the augmented
matrix (A, b) as will reduce it to a row reduced echelon matrix.

Worked Examples.
1. Solve the system of equations
T1+x9 = 4
T2 — 3 1
2z + T2 + 4IL‘3 7.

This is a non-homogeneous system. The coefficient matrix of th°
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1 1 0 ,
system is A = 0 1 -1 and the augmented matrix is 47
3 | 4
1 1 0 4
01 -1 1
2 1 4 7
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Let us apply elementary row operations on A to reduce it o

reduced echelon matrix.

~ Ry—2R
AT 10 1 1 | Ri-Rs

0 o 1 4 —— 1 RS:’RQ

1 0 13
0 1 -1 1
oo 30
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10
Ri-R 0 3
Bl o1 -1 1 1-Rs
= 0
00 1 0) Reths 0(1)(133
Hence the system is equivalent t, T = 3
Ty = 1
I3 =

ud therefore the solution is (3, 1, 0).

Note. The coeflicient matrix A is row equivalen

Jy and so it 1s non-singular. This also suggests
of a unique solution.

t to the identity matrix
that the system admits

7, Solve the system of equations
T1+3T24+x29 = 0
2171 — I + T3 = 0.

This is a non-homogeneous system. The coefficient matrix of the
: 1 3 1
sstem is A =

2 -1 1
1 310
2 -11 0 /)

Let us apply elementary row operations on A to reduce it to a row
rduced echelon matrix.

1 31 0\ Rme—-2r (1 3 10).
2 -110) " \o -7 -10

TR (13 1 Ri-3R, (1 0 0),
\*(01;8)1—)(01 0
The given system is equivalent to
z1+ 223 =0
Ty + ZI3 = 0.
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