Injective mapping. Surjective mapping. Bijective mapping.

A mapping f : A — B is said to be injective (or one-to-one) if for
each pair of distinct elements of A, their f-images are distinct.

A mapping f : A = B is said to be surjective (or onto) if f(A) = B.

A mapping f : A = B is said to be bijective if f is both injective and
surjective.

An injective mapping is called an injection, a surjective mapping is
called a surjection and a bijective mapping is called a bijection.

Thus f: A — B is injective if z; # z; in A implies f(z1) # f(z2) in
B. In this case, each element of B has at most one pre-image.

If f is surjective, each element of B has at least one pre-image.

If f is bijective, each element of B has ezactly one pre-image.

In Example 3, f is an injective mapping since for two distinct elements

T1, T2 in the domain of f, f(z1) # f(z2). f is not surjective because
f(Z) is a proper subset of the co-domain set Z.

In Example 4, f is not injective because two distinct elements 1 and
—1 in the domain of f have the same f-image. f is not surjective because
f(Z) is a proper subset of the co-domain set Z. ‘

In Example 5, f is injective since for two distinct elements z1, z5 in

the domain of f, f(x1) # f(z2). f is surjective because f(Z) = the
co-domain set Z. Therefore f is a bijection.

When f is a bijection from A to B, f sets up a one-to-one correspon-
dence between the elements of A and the elements of B. Each element z
of A is put in correspondence with the single element f(z) of B and each

element y of B is put in correspondence with the single element f~1(y)
of A. |

Definition. A mapping f: A — B is said to be a constant mapping
(a constant function) if f maps each element of A to one and the same
element of B, i.e., f(A) is a singleton set.

For example, the mapping f : R — R defined by f(z) =2, z € R is
a constant mapping. Here f(R) = {2}. - |
Definition. A mapping f : A — A is said'to be the identity mapping on
Aif f(z) =z,z € A. The identity mapping on A is denoted by i,4.
Note. The identity mapping on A4 is clearly a bijection on A.
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A Care said .to following conditi - By
equality of two mappings f and g, the & conditions myg

0l
(i) fand g have the same
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Examples (continued).
9. LetS:{meR:$>0}. Let f : S%Rbedeﬁnedbyf(x)\

lz| g;eSandg:S—-)Rbedeﬁnedbyg(ﬂU)=1, T €S. Then <,

x!}
10. Let S = {s € R: 1<z <2} Let f:5 = Rbedefn,

f(z) = [z] — =, recSandg:S—Rbe defined by g(z) =1-2g, ¢
Then f =g. \
11. Let S={z e R: 0Lz < z}. Let f : 5 — R bedes
by f(z) = cosz —sinz, £ € S and g : S — R be defined by g(z)-
V1—sin2z, z € S. 4

Here f and g have the same domain. f (z) = g(z) for z € [0, 5] B
f(z) # g(z) for z € (%, %]: Therefore f # g.

Restriction of a mapping.

Let f: A— Bbea m,appihg and let D be a non-empty subset OH
Then the mapping g : D — B defined by g(z) = f(z),z € D is saidf
be the restriction of f to D. This is denoted by f/D.

f: A — B of the mapping g : D — B is not unique, since the
of the elements of A — D may be arbitrarily chosen.

o . . ol
When a non-bijective mapping f is given, sometimes it i pOSS‘b1

have a bijective restriction of f.

Examples (continued).
12. Let f: R — R be defined by f(z) =1, if z be rational

=0, if z be irrational : .Wl

Then the restriction mapping f/Q : Q — R is given bY

for all z € Q.

The restriction mappj e byf
Q) =0 torall e (R gy Q¢ (R-Q 2 REET

13. : |
" LI(;:tS{ -._—IR]R-: K be defined by f (-’B) = 332, z € R. trictio
mapping £/ : S(the Set of all positive real numbers)- The ™

Here f is . ~) R ?S defined by f/S(:B) =2 z €8
1ot Injective, but, the restriction ma’pping /5% o

¥



14. Let f : R — R be defined by

s f(z) = sin z, z € R. is nei
surjective nor injective. ’ f is neither

If we reduce the co-domain to 7" = {r € R: —1 <z <1}, then the

map.pi.ng f : R = T defined by f () =sin z, z € R is surjective, but
not 1njective. :

Let S ={z eR: -2 g. z < Z}. Then the restriction mapping
g:S — T defined by g(z) =sin z, z € S is a bijection.

Worked Examples.

1. A mapping f : R — R is defined by f(z) =3z + 1,z € R. Examine if
(i) f is injective, (ii) f is surjective.

(i) Let us take two distinct elements Z1,T2 in R, the domain of f.
f((El) =3z, + 1, f(wg) = 3z + 1.
f(z1) — f(z2) = 3(z1 — x2) # 0, since z; # 5.
Since z1 # x2 = f(z1) # f(x2), f is injective.

(ii) Let us take an arbitrary element y in the set R, the co-domain of f;
and let us examine if y has a pre-image z in the domain of f.

Then f(z) =y and therefore 3z +1=vy or, z = Eg—l

Since y € R, yg—l € R. Therefore y has a pre-image yg—l in the
domain of f. Since y is arbitrary, each element in the co-domain of f has
a pre-image under f. Therefore f is surjective.

2. A mapping f : R — R is defined by f(z) = z?, z € R. Examine if (i)
f is injective, (ii) f is surjective.

(i) f(2) =4, f(—2) = 4. f is not injective, since two distinct elements 2
and —2 in the domain of f have the same image.

(ii) f is not surjective, since —1 in the co-domain of f has no pre-image
in the domain of f. '

1.11. Composition of mappings.

Let f: A— B and g : C — D be two mappings such that f(A) is a
subset of C. |

Let x € A. Then f maps = to an element y in f(A) C B and since
y € f(A) C C, g maps'y to an element z in D.

We can conceive of a mapping h : A — D defined by h(x) = g(f(x)),
¢ € A. The mapping h : A — D:is said to be the composiie (or t.he
product) of f and g and is‘denoted by go f (or by gf). T h.e composite
gof : A — D is defined only if f(A) is a subset of the domain of g.



: : Band g : B = C, the cop.
appings f: A = L . . -
A Fo(r}' f: fi;gngd. For the mappings f:A— Bd aflild 9:B h bztﬁ'
cor—:posites gof : A— A and fog: B — B are defined.

Examples.

1- Let A == {1,2) 3})B . {p, Q) T}’ and le; _ f(3) .
f;A—)Bbedeﬁnedef(l):p’f()—q’ =T
g: B — A be defined by g(p) =3,9(q) = 2,9(r) = 1;
h: B — A be defined by h(p) = 1,h(q) = 2,h(r) = 3.
gOf A — Ais deﬁned by QOf(l) . 3)gof(2) = 2,g0f(3) =1
fog : B — B is defined by fog(p) =1, fog(q) = g, fog(r) =p
hof : A — A is defined by hof(1) = 1, hof(2) = 2, hof(3)
foh : B — B is defined by foh(p) = p, foh(q) = g, foh(r)
Here gof # fog, hof =ia, foh =1ip.

2. Let f:Z — Q be defined by f(z) = 3z, z € Z and g: Q=+

defined by g(z) = z2, z € Q.
gof : Z — Q is defined by gof(z) = g(3z) = ;2% z € Z.

For example, gof(1) = g(f(1)) = g(3) = ;- 9of(2) = g(f(2):

; {
g9(1) = 1. Here fog is not defined, since the range of g is not a subs .
the domain of f.

=3
=r

| R 8
3. Let f : R — R be defined by f(z) =z +1, z € R and g:R7%
defined by g(r) = 3z, z € R.

Here gof and fog are both defined.
gof : R — R is defined by gof(z) =g(x +1)=3z+3, 7 ek
fog: R = R is defined by fog(z) = f(3z) = 3z + 1, 7 € B

, fe
Both the mappings gof and fog have the same domain but ¥
fog(z),z € R. Therefore gof # fog.

)

T

‘R/)Bi-

4.Letf:lR—)Rbedeﬁnedbyf(:z:)=£L‘+1,meRandg- -

defined by () =z+5, ¢ € R. b
Here both go f and fog are defined.

, R
f°9=1R—>lRisdeﬁnedb L =x+6’$€ it
ik Y fog(x) = f(x +5) R

18 defined by gof(z)=g(z+1)=z+ 6, 7€
Since 9of(z) = fog(z) for all ¢ € R, we have gof = fodr 11”4

) Itt Is quite clear from the examples that the compositio” Oc
Not commutative, That is, for two mappings f and g e
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gof and fog are, in general, not equal.
defined, the other may not be defined at all
the equality holds.

In fact, when one of them is
. In particular cases, however,

Although the composition of mappings is not commutative, it is as-
sociative. That is, for three mappings f,g and h, ho(gof) = (hog)of,
when both sides are defined mappings.

Theorem 1.11.1. Let f: A — B, g: B— C, h:C — D be three
mappings. Then ho(gof) = (hog)of.

Proof. Here the composite mappings gof,hog are defined because the
range f C dom g and the range ¢ C dom h. The composite mappings

ho(gof), (hog)of are defined because the range gof C dom h and the
range f C dom hog.

We now prove the equality of the mappings ho(gof) : A — D and
(hog)of : A — D.

Let z be an element of A and let f(z) =y, g(y) = z, h(z) = w.

Then gof(z) = g(y) = 2, hog(y) = h(z) = w.

ho(gof) : A — D is defined by ho(gof)(z) = h(2) = w, = € A.

(hog)of : A — D is defined by (hog)f(z) = hog(y) = w, x € A.

Since ho(gof)(xz) = (hog)of(z) for all z € A, we have ho(gof) =
(hog)of.

Theorem 1.11.2. If f: A — B and g : B — C be .bot.h injective
mappings, then the composite mapping gof : A = C is injective.

Proof. Let 1,9 be two distinct elements of A.

Let f(z1) = y1, f(z2) = 2. G |
Since f is injective, y; and ys are distinct elements of B.

Let g(y1) = 21, 9(y2) = 22 a
Since g is injective, z; and z; are distinct elements of C. ey
Now gof(z1) = g(y1) = 21, gof(.$2).= 9(y2) = 22 and z1 # T2

= 21 # 22 in C. Therefore gof is injective.

i is injec-
Note. The converse of the theorem is not true. However if gof is inj
tive, then f is injective (while g need not be).

appi ch
Theorem 1.11.3. If f: A — B and g : B e C be two mappings su
that gof : A — C is injective, then f is injective. e
Proof. Let f(z1) = f(x2) for some z1,z2 in A. Then glf(z1)) =g 2))
since g is a mapping. So gof(z1) = gof(x2). S
Because gof is injective, gof(z1) = gof (x2) i fp F 15 injoctive.
Thus f(z1) = f(z2) implies z; = x2 and therefore



Note. In order that gof may be injective, 1t 1s not nNecessary the

inJelc?er‘"Zxample let f : R — R be defined by f(z) = e
’ 2
g:R——)Rbedeﬁned by g(z) =7 z € R.

Here gof : R =+ R is defined by gof(x) = e2® 1 cR.
ive but g is not injective.

{
,LEEIRQ

gof is inject

Theorem 1.11.4. If f:A—='B and g : B — C be both Sm'jeCtive, A

the composite mapping go f: A— C is surjective.

Proof. Let z be an element of C.

Since g is surjective, there is at least one pre-image of z in B, |
one such be y. Then y € B and g(y) = 2.

Since f is surjective and y € B, there is at least one pre-imag
in A. Let one such be z. Then = € A and f(z) = y.

gof(z) = g(y) = z. This implies that z has a pre-image z in Au
the mapping gof. Since z is arbitrary, gof is surjective.

Note. The converse of the theorem is not true. However if gof is¢
jective, then g is surjective (while f need not be).

Theorem 1.11.5. If f: A S B and g : B — C be two mappings ¥
that gof : A — C is surjective, then g 1s surjective.

Proof. Let z be-an element of C. . Since gof is surjective, there '

element = in A such that gof (z) = 2. Therefore g(f(z)) =2

. This'show.s that 2z has a pre-image f(z) in B under the mapp®
Since z is arbitrary, g is surjective.

Note. In order that gof m

t
] 3 ay be surj 1 1t 3 ar tha
surjective. | Jective, it is .not necessary

For example, let f:Z
g: Z - Z be defined by
Integer< z. Then go f:z

gof

§
— Z be defined by f(z) = 2z, T efatf
g(x) = [3], z € Z [x] denotes the
—7Z is defined by gof(;];) =,z € L

=1z and t i A0

herefore gof ig Surjective but f is not surjec™
Theorem 1.11.g, If f
the composite mappij

2Q/!



