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1.12. Inverse mapping.

Definition. Let f: A — B be a mapping. If there exists g, mapping
g: B — Asuch that gof =i, then g is said to be a left inverse of f. If

there exists a mapping h : B — A such that foh = j B, then A is said to
be a right inverse of f.

Definition. Let f : A — B be a mapping. f is said to be invertible if
there exists a mapping g : B — A such that gof =i, and fog =ig.
In this case g is said to be an inverse of f.

Theorem 1.12.1. If f : A — B be an invertible mapping, then its
inverse is unique.

Proof. Since f : A — B is invertible, there exists a mapping ¢ : B — A
such that gof =i4 and fog =ip.

If possible, let there exist another mapping » : B — A such that
hof=’iA and foh=’iB. ‘

ho(fog) = (hof)og, since composition of mappings is associative.
Therefore hoip = i40g, i.e., h = g. This proves that g is unique.

Note 1. g is said to be the inverse of f and is denoted by 1. Therefore
flof =i4 and fof ! =ig.

2. If f: A — A be an invertible mapping, then f~lof = fof=! =i,
where i is the identity mapping on A.

Examples.

1. Let f: R — Z be defined by f(z) = [z], € Rand g : Z — R be

defined by g(z) =2+ 1, z € Z.

fog:7Z — 7 is defined by fog(z) = f(z + 3) = [z+3] =2, 2 €Z
gof : R — R is defined by gof(z) = g([z]) = [z] + 5z ER

Here fog =iz, gof # ir. |

Therefore g is a right inverse of f, but not a left inverse of f.

Let h:Z — R be defined by h(z) = + 3, T € Z.

Then foh = iz and therefore h is a right inverse of f.

Note. There are many right inverses of f. Since f is not a bijection, 4
is not invertible.
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Theorem 1.12.2. A mapping [ A—
a bijection. |
Proof. Let f: A — B be invertible. ’.I‘hen there exists 4 g
g:B—)Asuchthatgof:z'A and fog = tB. A=

Since i4 is injective and gof = 14, f is an injection.

Since ip is surjective and fog = 1B, f is a surjection.

f(2) =z, zcR

B is invertible if ang only

Therefore f is a bijection.

Conversely, let f: A L Bbea bijection.
Let y € B. Since f is a bijection, y has a unique pre-image z in 4,
Define a mapping g : B — A by g(y) = = (the pre-image of yu
f),y € B. Then gof(z) = g(y) =z, z € A and fog(y) = f(z) =4
B. ‘ !
Here gof =4, fog =1ip and therefore f is invertible.

N ete. The theorem gives a clue how to determine f~1. To each el
yin B, f ~! assigns the pre-image of y under f.

Theo.rem _11.1’2.3. Lee f:A = Bbea bijecti\}e mapping. Th i
mapping f~*: B — A is also a bijection and (i ii=k="1.

Proof. Since f: A — B is ab

e )
iaand fof=1— i, ljection, f~1: B 5 A exists and /

y
f

Let isti |
Y1,¥2 be two distinct elements in B and f~1(y;) = z1, f ’l(w) '

Then f(z1) = flf-1 i ¥ |
2 (ga)] = f°f—1(y2)[f= ygls)i]nc;foj;o—é Ly;) = ¢ and flo

; . =1 B.
Since £ is o Mapping,

p

~1 s

» (1) # 5 ~'(y2) and therefore ! i i
= f—l[f(ls)surjecﬁve, let z € A. Let f(z) =Y
T)i= -1 .

| I of(z) = z, since flof =4 frbfﬁ

1

:
t
(
Y 7] is a pre-; 3 C
18 Sur-]ectiVe.. pre lmage of T under the mapplng f



Second part.

Since f: A — Bis a bijection, f—1
and fof~! = ip. Since f-!
exists and f~1o(f—1)-1

t B — A exists and f~lof
: B = A is a bijection, (f~1)-
=14 and (f—l)—lof_l

Let z € A and f(z) = y.
{f—ll(:;/) 1=( J;_l[f(ﬂ(?)] = f:lofl(m) =, since f~lof =,.
7M@) = YT = (D ef i) = g s
(f_l)_lof_l iy [ ()] (f=H)"tof (y) Y, since
Therefore f(z) = (f~!)~"!(z) for all z € A.
Consequently, f = (f~!)~1. This completes the proof.

1l A5 B
= 1ig.

Theorem 1.12.4. Let f : A — B and g9 : B = C be both bijective
ma%)pin%s. Then the mapping gof : A — C is invertible and (gof)~1 =
f rog™ .

Proof. Since f : A — B and g : B — C are both bijective, the composite
mapping gof : A — C is a bijection, by Theorem 1.11.6.

Hence (gof)~™' : C — A exists, by Theorem 1.12.2.

Since f : A — B is a bijection, f~!: B — A exists.
Since g : B — C is a bijection, g7! : C — B exists.
Then the composite mapping f~log™! : C — A exists.

Let z € C. Let y be the pre-image of z under the bijective mapping g
and z be the pre-image of y under the bijective mapping f.

Then gof(z) = z. Since gof is invertible, (gof)~1(z) = z.
Since f is invertible and f(z) = vy, f~1(y) = =.

Since g is invertible and g(y) = z, g7 1(2) = .

Therefore f~log™'(2) = f~ g7 (2)] = ' (y) = z.

Thus (gof)~1(z) = (f~tog™1)(2) for all z € C.

Consequently, (gof)~! = f~log~!. This completes the proof.

Worked Examples.

1. A and B are both finite sets of n elements. Prove that a mapping
f : A — B is injective if and only if it is surjectve.

Let A = {ay,a2,...,a,} and let f : A — B be an.injective mapping.
Then the f-images f(a1), f(az),...,f(an) are n distinct elements of B.

Since |B| = n, these images cover the whole of B. Therefore f is surjec-
tive.

Conversely, let f be surjective. Then the images f(a1), f(az2), - d,ft ('ant);
cover the whole of B. Since |B| = n, f(a1), f(a2),---> f(ay) are n distinc
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As [ is injective and surjective (worked Ex.1, 1.10)
el is invertible.
{ therefore [ is invertl : os
- Each v in the co-domain of f has a unlque1 pre-image 113\
f! :‘IR — R is defined by f~'(y) = 4=, y € R; or equivg,
. - —1
defined by f~!(z) = £, z € R.

) f 18 9, bi.jﬁ(?;

3. let S={zeR:-1<z<1} Amapf:R—).SiSdeﬁned&
J(z) = l—fT——', x € R. Show that f is a bijection. Determine f-1,

Let z > 0. Then f(z) = - and 0 < f(z) < 1.
Let z = 0. Then f(z) =0.

Let z < 0. Then f(z) = £ = &= — 1 and —1<];(:1:)<O.
Let 1,z belong to R and f(z1) = f(z2). Then —%

I2

14+|z1| — 14a
This implies z; and T2 are either both positive, or both negativ
Let ; > 0 and z, > 0. -

Then f(z1) = f(z2) = {5 = 22 = 5 _ 4,

Let r; < 0 and z, < 0.

Then f(z,) = f(zp) = T = To%- = T = T5. o

It follows that z, #zoin R = f(z1) # f(z2). So f is injective. |
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