7.3. Difference operator A.

Let us consider a sequence (U1, U, .« Uny+++ -
tion of positive integral variable n.

) where uy, is a func-

We define Au, = Upt1 — Un.-
Then AU] — u2 E ul,Auz = u3 — u2,Au3 = U4 —_— u37 ......

The sequence (Aug, Aug, ... Alp, ... ... ) is said to be the first order
of differences of the sequence (un).
We define A%u, = A(Auy) = A(Unt1 — Un).

The sequence (A%up, Aug, A%ug,... ... ) is said to be the second
order of differences of the sequence (uy,).




[ a similar manner, the pth ordey of difle

. A . i rences Ay
Josilive integer, can be defined for (he o "

where p ig a
quence (u,,).

it follows immediately that,

(i) il un = k, acoustant for all n, then Aw,, = ( for all n, and conversely:
B )

(i) If (un) be a sequence in an arithmeotic prog

‘ ression having the com-
non difference d, then Au,, = constant = d fo

r all n and conversely.
(iti) I (un) be a sequence in a geometric progression h aving the common
rtio 1, then the sequence (Aw,,)

is also in geometric progression of
common ratio 7.

Examples.

1. Let the sequence be (8,18,34,56,84,118,... ...).

The successive orders of differences are

10 16 22 28 34

0 0 0

Here the second order of differences is a sequence of equal elements.
The third and the successive orders of differences are sequences of zeros.

2. Let the sequence be (4,12, 36,108,324,972,... )

The successive orders of differences are

8 24 72 216 648
16 48 144 432 -

s in a geometric progression of common

He i uence 1 - i
e the given seq f differences are also in geometric pro-

ratio 3, The successive orders O
Bression of common ratio 3.

~...) and the successive
Let us consider the sequence (w1, U2, U3; - )

orders of differences.
u) Ug us
Au1 Aug

A2U1

U4 Us
AUS ) AU4
A2U2 A*“us
A3u1 A3U2

It appears from the table that




u, = wuy+Buy,
u, = ug+Bup ,
= (ug+Auy)~+ Afuy + Buy)
q 2
= U 4+ QA‘LL] = T A usz.
u; = Uz + Aufi

(uy + Auy) + Alug + Auy)

uy + 20uy + A%uy

(uy + Auy) +2A0(u; + Aful)‘ + A%(u; + Auy)
uy + 30Au; + 3A%y; + A%y,

o

Theorem 7.3.1. Let (u,,) be a sequence and AP denote the pth grd.,
difference operator. Then

= g+ (";1)Aul 4 (}n;l)Azul_}_‘ st (n:l)Arul T, ’+AY‘-IYJ;.

Proof. We prove the theorem by the method of induction.
The theorem is obvicusly true for n = 1.

Let us assume the theorem to be true for n = m
positive infeger.
o -1" [ ] -1 q — 17 i
Then u,, = u; + (m1 JAuy + (m2 JA%uy + -+ (mr 1)A"u; L
Am—-lul‘
— p m—1" ) —IN A3 _
'Il’herefore Aum = A‘Ul ¥ ( 1 )A2u1 -+ (m2 I)A uy +— °°-
(mr— )Ar+1’111 LY Amul‘

, where m &2

Hence u,,.1 = wu,, + Au,
= w1+ (")) Aw + (7Y + (7 Y)]A%
+[ 'T:}];l + (Tn:l]Arul"‘T’"":-Amul
= w (A () ary 4o+ A7

This shows that the theorem is true for n =
n =m. And the theorem is true for n — 1.

{-+
7l

m + 1 if it be e ¥

By the principle of induction, the theorem holds for all positi¥e =
tegers n.

COf'Olla.ry. If p be the least positive integer such that the sequei L:
(APuy,) is a sequence of equal elements, then u, is a polyno m‘-
(’f degree p. Because in this case all the sequences of (p + 1)th and
higher orders of differences are sequences of zeros.
Therefo 7
Cretore uy, = u; +(n—1)Auy +- - +(n—1)(n—2)--" (n—P/ 7
= a polynomial in n of degree p.



worked Examples.
J. Find tn, where the sequence (u,) is (3, 10,21, 36, 55, . ... ).

The successive orders of differences are

; 11 15 19
4 4 4

Therefore un, = 3+ (n—1)7+ MMA
= 2n?+n. '
Alternatively, u, is a polynomial in n of degree 2, since the second

order of differences is a sequence of equal elements.

Let u; = an® + bn + c.

Since u; = 3, a+b+c=3;
since u = 10, 4a + 2b+ ¢ = 10;
since ug = 21, 9a + 3b + ¢ = 21.

These determine a = 2,b=1,c=0.
Therefore u,, = 2n? + n.

2. Find the sum to n terms of the series
3+11+4+31+69+131+---

Let the series be uy + ug +ug +---
The sequence (u,,) and the successive orders of differences are

3 11 31 69 131
8 20 38 62
12 18 24 ...
6 6
n—1)(n—2) (n—1)(n—2)(n—3)
Therefore u,, = 3 + 8(n — 1) + 12.7=5"— +6. -
=n34+n+1
L. 2 o n(n+1
Hence Eljun = _L(_’%}i+_i_2__l+n

(n®+2n’+n +(2n+2 +4]
n| 4
p(RE23nED),

4

3. Find the nth term and the sum to n terms of the series
6.3 +9.8 + 12.15 + 15.24 + 1835+ - -+
Let uy +ugp+ug+--- -+ be the given series. Let (v,) and (wn).be the
Sequences (6,9,12,15,18,... .- ), (3,8,15,24,35,... ... ) respectively.
The successive orders of differences of the sequence (wy) are



3 8 15 24 39

5 7 9 11
2 2 2 s
(n—1)(n—2)
Therefore w,, = 3+5.(n— 1) + 2. n 5
= n?+2n;
and u, = 3n(n+1)(n+2).
3 :
Hence ¥ u, = dnn 1)(7?: Aln+3) + ¢ where c is a constant
1

But v; = 18. 18 = 3’-34&3 + ¢ and this gives ¢ = 0.

n 3
Therefore %ur = Zn(n +1)(n+2)(n+ 3).

4. Find the sum to n terms of the the series
21+7.2+14.22423.23 +34.24 + ... ...

Let (vn) be the sequence (1,7,14,23,34,--- --- )-

The successive orders of differences are

5) i 9 11
2 2 2

Therefore v,

2+ (n—1)5+ (2=n=2) 9
n? +2n — 1.

Let the given series be u; + uqy + Uz +-v- o
Then u, = (n? + 2n — 1).27-1,

Let (n® +2n —1).2""1 = f(n).2" — f(n — 1).27~ 1 where f(n)isa
polynomial of degree 2. Let us assume f (n) =an? +bn+c.
Then (n? + 2n — 1).27-1
= (a'n,2 +bn+c).2" — {a(n — 1)2 +b(n — 1) + c}.2n_1
= {2an? + 2bn + 2¢c — a(n —1)2 — p(n — 1) —c}.2n!
={an®’ + (b+2a)n—ag+b+ c}.2n1,
Equating, we have ¢ — 1,b=0,c=0.
So Up =n2.2" — (TL = 1)2.211—1.

Therefore u; = 1.9
uz = 2292_ 19
uz = 32,23 _ 92 92
Un = 022" (np— 1)2.2n—1,

By addition, % Up = 2 Qn
2 :




Let us consider the sequence (u,)

2 3

y Where u, = grn-1
a,ar,ar,ar’, ... qr"-1 n = ar”"". Then the
)

.S (
S(\(]llellce l R L UL ¢ 'L ,co '} 10 -
of common ratio 7. )» & geometric progression

The successive orders of differences are
a(r—1) : ar(r — 1) ar?(r - 1)
a(r —1) . ar(r — 1)? aTZ(;.“_ 1)?
a(r - 1) ar(r —1)3

Here each o.rder of differences is a sequence in geometric progression
of common ratio .

Let us consider the sequence (u,), where u,, = k 4 ar™™1 k being a
constant. 3

Then Aup, = Upt1 —Up
= (k+ar™)—(k+ar"™?)
= ar"(r-1)

This shows that the first order of differences is a sequence in geomet-
ric progression of common ratio r. Therefore the successive orders of
differences are also sequences in geometric progression of common ratio
T.

Let u,, = ¢(n) + ar™~!, where ¢(n) is a polynomial of degree 1.

Then Au, = ¢(n+1)—¢(n)+ ar®1(r—1)
— k+ar™!(r — 1),k being a constant.
Ay, = ar"i(r—1)>°

Here the second and the successive orders of differences are sequences
in geometric progression of common ratio 7.

Let u, = ¢(n) + ar™1, where ¢(n) is a polynomial of degree p.
Then the (p + 1)th and the successive orders of differences are se-
quences in geometric progression of common ratio 7.

Worked Examples (continued).
5. Find u,,, where the sequence (un) is (

The succesive orders of differences are
7 19 55 163
12 36 108 ...

24 72 e e
Here the second and the successive orders of differences are sequences

in geometric progression of common ratio 3. Therefore u, = a.3""1 +
¢(n), where ¢(n) is a polynomial of degree 1.

7.14,33,88,251,. .. ...).



Let up, = a.3" 1 + bn +c.

Thena+b+c=7 3a+2b+c=14, 9a+ 3b+ c=33.
These determine a = 3,b=1,c = 3.

Therefore u,, = 3™ + n + 3.

6. Find the sum of the first n terms of the series
7T+14+33+88+251+.-- ...

By the previous example, the nth term wu,, is given by
Un = 3" +n + 3.

Therefore Su, = 3(1+3438% 4 ... 4 3n=1y 4 nlntl) 4 3,
1

— 3.3712_1 +n(n2+1) + 3.




